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Preceding the acquisition of definite number concepts is the acquisi- 
tion of the ideas involved by the words, ‘‘another,’’ and ‘‘more,’’ used 
quantitatively and also as equivalent of ‘‘others,’’ and the perception of 
groups of like objects as groups. The group idea is constantly brought to 
the child’s attention by the use of the plural—apples, pears, balls, ete. This 
forms the important step in the evolution of the number idea, of perceiving 
likeness in different objects and of naming that quality. 

At some stage in the child’s development, according to Perez and 
others usually about the age of two years, the child is ready to acquire a 
name for that special group characteristic which is constantly presented to 
him in his own hands, feet, eyes, and ears. The child delights in the word 
two as emphasizing a new idea and seeks application for it. Two apples, 
two oranges, two pears, two ladies, are combinations that readily follow 
upon the presentation of the objects. Even yet there may be confusion of 
groups of two with groups of greater number, but the great step is made of 
a separate name to denote that property of combination of like objects into 
one group. 

The child experiences a sense of great pleasure in the acquisition of 
this new idea. The feeling of pleasure is analagous to that experienced by 
an adult on attaining a new mental experience such as going up in a balloon 
or descending into a large underground cave. Pierre Loti refers to a simi- 
lar feeling of exhiliration which he experienced as a young child on discov- 
ering that he could jump. 

_ At about this point the child’s number system consists of object, 
two, many. The base of this number system is the number two. Primitive 
people exist who have not attained any farther than this number system. 
The binary system of numbering is almost universal among the tribes of 
Aborigines in Australia* and is common among the tribes of South America. 
These tribes have words for one, two. Three is given as two and one; four 
as two and two; five as two, two, one, or sometimes one, two, two, and 
six as two, two, two. Usually the system does not go much farther than 
this. 

Following two and many as more than two, or possibly almost accom- 
panying these ideas, is the idea of unity. While logically the definition of 
unity rests on identity, psychologically the concept of unity is that of mem- 
bership of a group. The child does not easily speak of ‘‘one’’ mother, 
whereas ‘‘one apple’’ is quite easily achieved. 

Three follows very readily as two and one,+ and four as two-two. 
There is no logical nor psychological reason why ‘“‘three’’ need appear before 
“‘four,’’ nor “‘two’’ before ‘‘three’’ in the child mind. Indeed, if the groups 
of objects most constantly brought before the child’s attention by his own 


* Mathew, John, Eaglehawk and Crow, a Study of Australian Aborigines. 
+ In this connection it is striking that the root of three, “tri,” signifies ‘““more than,’’ meaning one more than 
the two preceding numbers. Given by Bopp, Grammaire comparée. 
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body were groups of threes, that would be the first fundamental group, and 
three would be the first number appreciated. 

Experimental psychologists find that groups of one, two, three or four 
objects are immediately perceived as to number, that is, that the time re- 
quired to recognize that there are four objects in a group is not apparently 
longer than that there are two or three, whereas to group five or six objects © 
takes a longer time unless these objects are favorably arranged. In this 
psychological fact we may have the reason why many primitive people do 
not get beyond the number four. We can only conjecture that there is some 
connection between this and the fact that we unconsciously have a four 
group, our fingers, constantly thrust before us. 

Five comes as a second natural number base. It is either the base or 
- subsidiary base of practically all number systems beyond the binary stage. 
The Roman Numerals are striking illustrations of the use of five as a sec- 
ondary base, as the system is a ten system. The same is true of the Attic 
system or numerals in use for many centuries among the Greeks. In this 
system 


1=I 
104 
100=H 500=/' 
1000-=X 5000=!'x 
10000=M 50000=!'« 


Among the Mayas who have a twenty system the five also comes in as a 
subsidiary base. Possibly the rhythm may account for the appearance of 
five and multiples of five in so many of the children’s counting games. In 
Pédagogische Studien Dr. E. Wilk has emphasized the fundamental impor- 
tance of the five system in a series of articles on a new number method 
based on the natural origin of number and reckoning. Dr. Wilk states: ‘‘It 
is the most important result of my investigation concerning the origin of 
numbers that these can be formed only by the introduction of a number 
system.’’ To this end he names the use of the fingers as the best material 
for the early work. In our schools we have undoubtedly gone too far in 
banishing the fingers from the early number work, but best material for 
number work does not exist just as best food for children does not exist. 
Especially with weak-minded children and children slow to grasp number 
facts the finger reckoning is of vital importance. Attention has recently 
been called to this in the Zietschrift fiir Kinder forschung (with special ref- 
erence to pedagogical pathology) by Dr. H. Noll in an article on finger 
activity and finger reckoning as aids in developing the intelligence and the 
reckoning ability in weak-minded children. 

Six, seven, eight and nine come as five and one, five and two, five and 
three, five and four. No difficulty attaches to developing ten as a new unit 
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as the child’s ten fingers stare him in the face and force ten as a unit. Our 
system of money also greatly facilitates the acquisition of ten as a unit, as 
most children have all too intimate acquaintance with pennies and nickles 
and dimes. Probably, too, the money forms as convenient material as any, 
and more impressive than most, for developing the ideas of eleven, twelve, 
up to nineteen, and for twenty, thirty, forty, etc. The universal ten system 
among civilized peoples is due, as Aristotle first pointed out, to the fact that 
we have ten fingers. Certain mathematicians and even psychologists have 
argued that a twelve system would be better adapted to human needs, and 
some feeble attempts have been made to institute suchasystem. Logically 
and mathematically twelve would be a better system for adults, as the frac- 
tions 4, 4, + would be .6, .4 and .3 respectively, meaning ;s, 7s and ;'s. 
Unfortunately we are not logical beings but psychological, bound hand and 
foot (by fingers and toes) to the decimal system. Whether this influence of 
the fingers is subconscious or conscious, cannot be definitely shown, but the 
number systems of all civilised races show that this influence is the most 
powerful factor in the forming of a number system. 

To summarize, the steps in the development of definite number ideas 
would seem to be as follows: 

(1). Many, another, more. Perception of likeness in other individ- 
uals, also noting of plurals. 

(2). Two. 

(3). Many, as more than two. 

(4). Twoand one. Two as a number base. 

» (5). Two and two. 

(6). Five. as two, two and one, or four and one. Five as a number 
base. 

(7). Five and one, five and two, five and three, five and four. 

(8). Ten as two fives, a new unit. 

(9). 11-20 as ten and one up to two tens. 

(10). 20, 30, 40, 50, 60, etc., as 2, 3, 4, 5, ... 10 tenf. 

The application of these ideas to the teaching of arithmetic is imme- 
diate. In the earliest number work it means continued emphasis on funda- 
mental group ideas. Two will always be associated with the hands, four 
with the fingers without the thumb, five with the fingers of one hand, seven 
with the days of the week, ten with the fingers of two hands, and other 
numbers with characteristic groups in the school room, e. g., if there hap- 
pen to be six panes of glass in the window, six will be associated with the 
number of window panes. The earliest number concepts do not come from 
the consideration of mathematical objects such as cubes and squares nor 
even splints. By presenting these first the development of the number idea 
is retarded as the child mind is required to struggle with these unfamiliar 
objects. To the child these geometrical objects have no meaning; he does 
not see why he should observe them. Much easier is it for him to get the 
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number phase from objects with which he is familiar. In fingers and apples 
he has an interest and any new ideas about these old friends are seized with 
some avidity. 

To question the child’s power to abstract the difference of like objects 
is to question his power of imagination. that prime requisite of a mathema- 
tician which power the child has most preeminently. 

For the further work in arithmetic this development means the con- 
stant and recurring emphasis of the decimal system. Eighteen hundred 
years ago Nikomachus of Gerasa, the father of Arithmetic, did better than 
we in giving a table of multiples only up to 9X9, and the earliest printed 
arithmetics used the ordinary multiplication table only to 9X9 or 10X10. 
By so doing is emphasized the use of the decimal system, as all further 
multiplicative combinations involve only these fundamental number of facts. 
With the addition tables, too, there needs to be emphasis on the system. 
Here we may see one great way to simplify our arithmetic, namely, to play 
the system. 


A SOLUTION OF THE BIQUADRATIC EQUATION. 


By LEROY A. HOWLAND, Middletown, Connecticut. 


The following solution of the biquadratic rests upon the analytic oper- 
ations suggested by geometrical considerations. No assumption is made as 
to the form of the solution. Each step in the solution and in the discussion 
of multiple roots has its geometrical analogon. The cubic resolvent has a 
geometrical meaning and its discriminant is at the same time the discrimin- 
ant of the biquadratic. M. Fritz Hofmann has used the degenerate mem- 
bers of a family of conics through four points to determine the roots of the 
biquadratic,* but in an entirely different 
way. He does not appear to have 
extended his method to a discussion of the 
nature of the roots. 

1. Solution. Let the biquadratic be 


(1) +4a,z+a,=—0 
(ax~0) 


This goes over by the substitution z= 
w—a, 
0 


(2) xt +ax® +ba+c=—0, 


* Nouvelles Annales de Mathématiques, Troisiéme Série, 7. 


/ 
| 
| \ 
: | 
(4) | \ 
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where a=6(a,a:.—a,’), 
e=a, a, 


(2) represents four straight lines parallel to the Y axis. These cut 
the parabola 


(3) y=z* 
in four finite points. The conic 
(4) ax*+y? +br+e-0 


cuts (3) in these same four points (cf. Fig. 1). A conic through the inter- 
section of (3) and (4) is 


This degenerates if 


b/2 4/2 e | 
or, (6) te A+ dac—b*=0, 


The solution of (6). gives three pairs of straight lines, each of which inter- 
sects the others in the intersections of (2) and (3). The solution of the bi- 
quadratic is then accomplished by the solution of (6) and certain pairs of 
simultaneous linear equations (cf. Fig. 2). 

Solving (5) for y, we have 


Qy=—A+ [4(4—a) x? —4ba+2? — 4c]. 


Using (6), this gives 


2y=—A+ U—a)a— -]. 


If 4; and % are two roots of (6) we have the following values for z, 


|| 
| 

—D=|a-2 0) b/2 | =f 
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+ 
(7) 


where (Ai—a). 

2. Multiple Roots. 

Fig. 2 represents the general case. Fig. 3 shows the special cases 
which may occur. 

In cases I and II, two pairs of 
lines become coincident. Hence (6) 
must have a double root. 

In case III, since the points 
approach coincidence along the par- 
abola, each of the lines 12, 23, and 
31 approaches the tangent to the 
parabola at the point of coincidence. 
Hence equation (6) must have a 
triple root. 

Similar argument shows that 

Fig. 2. in case IV all six lines coincide. 
We shall now express these conditions analytically. 
I. The condition for a double root of (6) is 


where (72ac—2a*—27b’° ), 
H=—}4(a? +12c), 


or in terms of the coefficients of (1), 


G=16a,' a; 

—4/3a? —4a, a: +38a;’ ) 
The quantities in parentheses are denoted by J and J, respectively. Hence, 
G* +4H* =—256/27a,° (1? —27J*), and the necessary and sufficient condition 
for a double root of (1) is 


(8) A =’—27J*=0. 


II. For two double roots, the lines corresponding to the double root of 
(6) must be coincident. (5) will represent parallel lines if D=0 and A—a=0. 


| 
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We see by substitution that a necessary condition that 4=a be a solution of 
(6) is 


(9) 
Equation (5) then becomes 
+ay+c=—0, 

and we obtain the further necessary condition 
(10) a’? —4c=0. 
These conditions, (9) and (10), are evidently also sufficient.* 

III. A triple-root of (6) is neeessary and sufficient for a triple root of 
(1). The condition for this is G=H=0, or what is the same, 
(11) I=J=0. 

IV. For a quadruple root we must have, in addition to (11), the con- 
ics degenerate into coincident lines. This gives, as before, =a, the triple 


root of (6), and hence b=0. It then follows that a—c=0. These conditions 
are sufficient, for if they are fulfilled, (2) becomes x*=0, and (1) bécomes 


(a,z+a,)*=0. 


In terms of the coefficients of (1) the conditions may be written 


unless one of the quantities a,, a2, a3, Qs is zero, in which case they are all 
zero and (1) reduces to a,z*=0. . 

3. Reality of Roots. 

-I. If G?—4H*>0 or 4 <0, the equation.(6) has two imaginary roots, 
at 4 B. 


(a—a-+4 8), (e—a-—i8), 
#4)? =(4—a)* 
(145 my) *=2(a—a) +2 


* We find the statement sometimes made that (9) and (10) along with the condition A =0 are equivalent to two 
independent conditions only. If this means merely that \=0 is a consequence of (9) and (10) the statement is cor- 
rect. It is not true that A~0 with‘either (9) or (10) forms a set of sufficient conditions for two double roots. 
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Hence it appears that »; “2 and 4;+/% are real, +;--#, and 4;—’: are pure im- 
aginary, and two values of x are real and two complex. 
II. Before proceeding to the general cases A2 0, we shall take up the 


special case where b=0. (2) becomes x#*+ax?+c=0, whence 
+ 4c) becomes and we have two sub-cases. 
0 


1) A>0, hence c>0. 


In order for x to be real the radicand above must be real and positive. For 
this it is necessary and sufficient that a®—4c>0 and a<0. All values of x 
are then real, otherwise they are all complex. 


2) A=0, hence either, a) c=0, or b) a? — 4c=0. 


For a), (2) becomes x* + ax?=0, and has a real double root and two other 
roots which are real or complex according as a <0 or a>0. 

For b), (2) becomes («?-+4a)?=0, and hastwo double roots, both real or both 
complex under the same conditions as in a. 

III. We shall now assume 60 and consider the otherwise general 
case A >0. 

If G?+4H* <0 or 4 >0 the roots of (6) are all real. In this case it 
is evident from the form of x in (7) that all values of « are real if all roots 
of (6) are greater than a and all complex if two roots of (6) are less than a. 
We will now apply the theorem of Fourier to see where the roots of (6) lie. 


Let f(2)=28 — a 1? —4e 2+-4ac—b?, 
f' (A) —2a A—4e, 
f" (i) =6 i—2a, 
(4) =6. 


Whence f(a) =—b?, (a) =a® —4e, f” (a) =4a, f’’(a)=6. This suggests the 
following division: 


1) a®?—4ce>0 a>0, 4) a®—4ce<0 a<0O, 
2) a?—4c>0 a<0O, 5) a®—4ce<0 a=0, 
3) a®—4ce<0 a>0, 6) a®—4c=0 a>0. 


The other possibilities are a? —4c>0, a=0; a? —4c=0, a<0; a?—4c=0, a=0; 


| 
| 
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but these are all ruled out, for +4H®* reduces to b‘—$4c'; 
b* in the three cases, respectively, and can in no case be negative. We 
have the following table: 


j=a 


It appears then in case (2) that all roots are greater than a, while in 
every other case only one root is greater than a. In thecase of real distinct 
roots of (6) then the necessary and sufficient condition that all values of x 
be real is a<0, a*—4e>0. If these conditions are not fulfilled the values of 
x are all complex. 

IV. A=0, with the further assumption that b~0. Let 4;=4 be the 
simple root of (6). It is greater than a and in case the double root is also 
greater than a, all values of x are real. The condition for this is easily seen 
to be as in case III, a<0, a? >4e. Putting 2x in the form 
(&4—a) —b 

V 


(A—a) +5 


+f (—a)+—, 


we see that in all other cases, since 4—a>0 while 4%4—a<0, we can have real 
values of « only when 


V (4—a) = 


Since the sum of the three roots of (6) is a, we have y= , and we can 


transform the condition above into 


« 


We can have real values of x then only if 
(14) (A+a)? (A—a)=—4b 


The resultant of (6) and (14) is A. This is, of course, to be foreseen, since 
whenever 4 =0 there are two equal values and hence always two real values. 


= 
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(The case where there are two double roots has been excluded because b~0. ) 
The conditions (13) are both satisfied only in case one ==0, and this we have 
already considered. 
We will summarize the results of this section. 
1) A <0, two roots real, two complex. 
2) a>0, 
a) a<0, a®—4c>0, all roots real. 
b) Otherwise ail roots complex. 
3) a=0,* 
a) a<0, a®—4c>0, all roots real. 
b) Otherwise two real and two complex, except in the follow- 
ing cases: 
c) a>0, b=0, a*+-4c=0, two double complex roots. 
d) a<0, b=0, a? —4c=0, two double real roots. 
e) a=b=c=0, all roots real. 


Double root. 
2 Double roots. 


Triple root. 


Quadruple root. 


* In many standard works this case is not considered. It is discussed by Heinrich Weber in his Lehrbuch der 
Algebra, but the discussion contains an error. [Weber noticed this error himself in his Berichtigungen at the end 
of the volume.}] One finds on page 278 of volume I, second edition, the statement: Die biquadratische Gleichung 
hat zwei Paare gleicher, reeller Wurzeln, wenn D=0, a<0, a?—4c=0 und zwei Paare gleicher, imaginarer Wurzeln 
wenn D=0, a>0, a?—4c=0. 

The equation x* +. 2? +162 satisfies the second set of conditions above but does not 
have two pairs of equal roots nor are the roots all:complex. The error is the same as that indicated in second note. ' 
Weber's first statement is correct, because for a*—4c=0, D or A becomes, except for a constant factor, b?(27b? — 
82a*) and when a is negative this.can vanish only when b is’‘zero. Such is not the case however when a is positive. 


| 

| 

| 

7 
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NOTES ON THE THEORY OF NUMBERS. 


By PROFESSOR L. E. DICKSON, The University of Chicago. 


‘ 1. Even perfect numbers. Let *(k) denote the sum of all the divisors 
of k. A perfect number k is one for which «(k)=2k. Let k=2"q, where g 
is odd and nm>0. Then Hence where 
d=q/(2"*!—1). Thus d is an integral divisor of g, so that q and d are the 
only divisors of g. Hence d=1landqisaprime. Hence every even perfect 
number is of Euclid’s type 2"(2"*!—1), where the second factor is a prime. 
This is much simpler than any proof that has been published hitherto. 
2. Amicable numbers. In his elaborate memoir on amicable numbers, 
Euler* was led ($95) to the type 16pq, 16.17.137r, where », q, r are distinct 
primes. These two numbers are amicable if and only if 


p=m+9935, q=n+9935, r=-4(m+n) +88799, mn =27.3*.7.23.73. 


Since r always exceeds 100,000, the limit of the table of primes accessible to 
Euler, he made no discussion of this type. In view of the large number of 
pairs of factors of mn (only distinct even values of m, n need be examined), 
it seemed likely that there exist amicable numbers of this type. A complete 
examination of the 120 cases showed that p, q, 7 are all primes only when 


m=2*.3°.7, p=12959, q=50231, 1r=262079; 
m=2'.3.7, . p=10103, g=735263, r=2990783. 


The cases in which numbers exceeding 10 million had to be considered are 
m=6, r=0 (mod 7); m=32, r=0 (mod 5). The two new pairs of amicable 
numbers are thus: 


16.12959.50231, 16.17.137.262079; 16.10103.735263, 16.17.137.2990783. 


These were checked to be amicable and the primes rechecked by Lehmer’s 
table. 

3. Bernouillian numbers are most conveniently employed in the sym- 
bolic notation of Lucas; we have (6+1)"—b"=0. In this notation, the gen- 
eralization by Stern (Munich Akad., 1877, p. 157) of Seidel’s recursion for- 
mula may be written: 


* Opuscula varii argum., 2, 1750, p. 23; Commentationes Arithmeti: Collectae, 1849, pp. 102-145. 


for n 2m, where the binomial coefficient (%) is zeroifk>m. Summing 
separately the first terms and the second terms, we get 


b”(b+1)"—b"(b—1)"=0. 
To give a direct proof of the latter, we note that by definition 
f(b+1)=f(b) (0), 
for any polynomial f(a). Taking f(~)=a"(a—1)™, n>1, we obtain the de- 
sired formula. 
Setting #"=2(2”—1)b”, we may similarly write the other formula of 
Seidel and Stern as follows: 


n2=m>1. 


4, A*+B*+C*=D*. Euler’s general solution (Comm. Arith. 1, p. 
199) is 


A=n(gf—e’), B=n(hft+e*), C=n(f?—ge), D=n(f?+he), 
where we have employed the abbreviations 
e=a*+3b*, f=d?+8c*, g=38ac+3be—ad+3bd, h=8ac—3bc+ad +3bd. 


These abbreviations enable us to point out the identity which underlies his 
solution. In 
( f*?—e*) [g* +h? —8ef(g+h) ] 

(f?—e*) (9° —gh+h* —3ef), 


it is the final factor which vanishes. This follows from the identity 


ef'= (ad—8be) +8(ac-+bd) (79), 


which in turn follows from (a+b)/ —3) (d+ce)/ —3) =ad—3bce+ (ac+bd) 
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We may also make use of the factorizations (where ~?=1): 


A+C=(f—e)(g+f+e), At+eC=(f—v+e) (g+ef+?e), 
A+w?C=(f—%e) (g+*f+-e), 

D—B=(f—e)(—h+f+e), »D—B=(f—ve) (—h+of+?2e), 
D— B=( f—*e) (—h+o7f+ee). 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


352. Proposed by E. B. ESCOTT, University of Michigan, Ann Arbor, Mich. 


Solve the equations, «*=—8y+24...(1). 
24... (2). 


Solution by S. LEFSCHETZ, Clark University. 
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The curves represented by (1) and (2) have nine common points of 
which three are on the line s—y=0, since they are evidently symmetric with 


respect to it. For these points, then, «*+8*—24=0. 


One solution is x=y=2; dividing by x—2 we obtain, x?+2x”+12=-0. 
“e=y=—-1+7//11, and x=y=—1-i//11. To find the solutions, six 
in number, for which «+y, we multiply (1) by x, (2) by y, subtract and di- 


vide by x—y, so that we have, 


(x+y) (x? -+-y? ) =24... (8). 


Also subtracting (2) from (1), and dividing by («—y), we have 


+y* =8—ay... (4), 
so that (8) can be written, 
(x+y) (8—axy) =24... (5), 
which can also be written, 
xy =8(a+y) —24, 
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and if we add to this last equation after multiplying it by 3, equations (1) 
and (2), we obtain, 


+y*? +8ay (x+y) =16(4+y) —24=(a+y)*. 


If then «+y=t, xy=u, we have, t?—16t+24—0, w=8—24/t. The cubic can 
be written, 


(t—2) (¢* +2¢—12)=0. 


For t=2, we have u=8—?,t=—4, so that the corresponding values of « or y 
are roots of z? —2z—4=0; hence one system of values is x=1+1/5, y=1—/V5, 
and another, by permuting x and y. 

The other factor of the equation in ¢ has for roots, 


t,=-14+7138, 
to which corresponds, 
u.=6+2//18. 


To (t;, correspond the roots of or 
[—6r (18) -10], [—6r (18) —10], 


and the point obtained by permuting « and y. 
To have the values of (x, y) corresponding to (t., uw.) it is sufficient to 
change the signs affecting )/13, in the two preceding ones, and we obtain 


a=$[—r (18)—1+v [6y (13)—10], 
y=$[—v (13)—1—v [—6y (18) —10], 


and the point obtained by permuting « and y. 
Also solved by Jeannette Brooks, Nellie Wood, J. Scheffer, V. M. Sp . A. H. Holmes, and the Proposer. 


353. Proposed by DANIEL KRETH, Oxford, Iowa. 


Divide 2940 into two such factors that the square of one factor minus 21 will equal 
three times the other factor. 


Solution by J. K. ELLWOOD, Kansas City, Mo. 


Let x be one factor, then 2940/z is the other. 

By the conditions of the problem, x* —21=3 x 2940/x =8820/z. 

Whence, «*—21x2=8820. Multiplying both sides of the equation by x, 
x*—21x* =8820xe. Adding 441x* to both sides, =4412? +8820r. - 


= 
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Completing squares, «*+420x° +210* =441x? +8820%+210°, or 
210) * =(217+210)*. 

Whence, x*=2lz, x=0, the introduced root, 21, and 4[—21 
+// (—12389)]. Hence, 21 is the only possible real value for x. Therefore, 
2940/21=140, the other factor. Hence 21 and 140 are the factors. 


Also solved by H. Prime, V. M. Spunar, S. Lefschetz, J. Scheffer, and S. G. Barton. 


GEOMETRY. 


377. Proposed by S. A. COREY, Hiteman, Iowa. 


Let AB, BC, CD, DE, EA be thesides of a pentagon, plane or gauche. 
From A draw AF, AG, AH, parallel to, and of the same length and curren- 
cy as BC, CD, DE, respectively. Bisect AE at K. Draw KB, KF, KG, 
and KH. Prove that KB?+KF"’+KG’?+KH?=AB?+BC?+CD?+DE’. 


I. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


K being the mid-point of the di- 
agonal AF in the parallelogram ADEH, 
DKA must be a straight line, viz., the 
other diagonal. Let the orthogonal co- 
ordinates of B, F, G, H, with reference 
to AE as the axis of X, and A as origin, 
be, respectively, 21, %2, Ys 
Ys; and AK=EK=a. Then 


AB?+ AF*+ AG? + («#+y2) + 


and 
+y2] 
+y2)+ (a2 +y?) 
—2a[(x, +x, +23 +2,)—2a]... (II). 


Letting fall the perpendiculars BM, CN, DO upon AE, and BP, DQ 
upon CN, we have ABcosBAM+BCcosCBP+CDcosCDA+DE cos DEO= 
ABcosBAM+AFcosFAK+AGcosKAG+AHcosKAH=AE=2a. 

therefore in (II), x, +2.+2;+2,—2a=0, and 
AB’?+ AF’+ AG?+ KB’ + KF?+ KG’+ = AB’? + BC? + CD? 
+DE’*. Q. E. D. 


|| 
D A DS 
\ 
WA 
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II. Solution by the PROPOSER. 


Let a, b, c, and d be the vector sides AB, BC, CD, and DE, respect- 
ively. Then will HA=—(a+6b+c+d), AK=s(a+b+c+d), KB=4(a—b—c 
—d), KF=%(—a+b—c—d), KG=4(—a—b+c—d), and KH=4(—a-—b—c 
+d). 

Squaring these vector expressions for KB, KF’, KG, and KH, and add- 
ing, their sum is found to be a*+b*+c*+d*. As the square of a vector 


‘equals minus the square of its tensor, the truth of the proposition is demon- 


strated. Observe that a line drawn from D to K is equal to and may be sub- 
stituted for KH in the equation of the problem. 


378. Proposed by G. I. HOPKINS, A. M., Instructor in Mathematics and Astronomy, Manchester High School 
Manchester, N. H. 


In the triangle AED, the lines BE and CE are drawn to the points B 
and C in the base of the triangle. If AE=100, ED=125, BC=60, 
and 2 AEC= Z BED ~a right angle, compute AB, BE, EC, and CD. 


Solution by A. H. HOLMES, Brunswick, Maine. 


Put DAE=¢ and ADE=¢. Let fall perpendicular EF on base AD. 
Then we have, 100sin =125sin ¢ or 4sin (=5sin ¢’... (1). 


Since BED and AEC are right angles, pp=-DE and AC= AE ; 
cos ¢ cos 4 
125 _ 69—100c08 0+125c08 ¢'... (2). 
cos 


Eliminating sin 4 and cos ¢ from (1) and (2), and reducing, 
1296c0s*/ —.0256cos* +1.94745cos* ¢—.1152cos¢’ =0. 
Solving by Horner’s method, cos?:=.8851+. ..cos 9=.8134+. 

Then since AC=122.94+, AB=62.94+. 
Similarly, CD=81.22+. Also, BE=65.71+, and CE=71.51+. 


Also solved by J. Scheffer. 


382. Proposed by PROF. R. C. ARCHIBALD, Brown Uniuersity, Providence, R. I. 


Between the side of a given rhombus and its adjacent side produced, to insert 
a straight line of a given length and directed to the opposite corner. ‘‘Euclidean 
constructions’’ are particularly desired. 


Remark by V. M. SPUNAR, M. and E. E., Chicago, Illinois. 


This is the famous Pappus problem: Rhombo dato et uno latere pro- 
ducto aptare sub angelo exteriori magnitudine datum rectam lineam, quae 
ad oppositum angulum pertingat. 

Pappus, and a certain number of mathematicians, among them New- 
ton, Huygens, and Gergonne, solved the problem algebraically and geomet- 
rically. (See E. Pruvost, Geométrie Analytique, t. I, pp. 18-28.) 

The problem in the present form, proposed by Prof. R. C. Archibald 
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in l’ Intermediaire de Mathematiciens as Question 3667, suggested to Prof. P. 
Barbarin (Paris) a more general problem, viz., Mener par un point donné 
dans un angle une secante de longueur donnés, of which a complete solution 
has been published by himself in l’Enseignement Mathematique (XIII*, 1, 
1911, pp. 15-23). 

The investigation is carried out analytically, and the following con- 
clusions have been drawn. The generalized problem is solved algebraically 
by an equation of the third or fourth degree, and graphically by the inter- 
section of a circle with an hyperbola. Special cases have been shown where 
the general equation can be lowered to second degree (where the Euclidean 
construction is possible). There is also a particular case, where the prob- 
lem is reduced to that of the tri-section of an angle. 

A solution of this problem as No. 364 is given by C. N. Schmall on page 140-141, Vol. X VII of the MONTHLY. 


MECHANICS. 


253. Proposed by W. J. GREENSTREET, M. A., Editor, The Mathematical Gazette, Stroud, England. 


R, and R, are ranges on a horizontal plane of particles projected with 

given velocity from A on the plane to pass through B. Show that 
4 

a(R,+R,) —R, R=, where c=AB and a is the horizontal projection of 


AB. 


I. Solution by S. G. BARTON, Ph. D., Clarkson School of Technology, Potsdam, N. Y. 


Let h be the distance of B above the horizontal plane, v the velocity 
of projection, « and % the two angles of projection which make the particles 
pass through B. Let 2v*/g=m. 


B 
R, __mtan. 


mtan 4 
= 
1+ 


g tanta 


m*tan tan 
(1+tan*<) 


__m(tan «+tan 4) (1+tan tan /) 
(1+tan?<) (1+tan*#) 


The equation of the trajectory is 


=stan 
y m 


a=stan (1+tan*z). 


Since B lies on this, we have h=atan — ————, 


m 
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Solving as a quadratic in tan « we have 


_m+y (m? —4hm—4a’) 


tan 
Similarly, 
=" V (m 4a 
2 
Whence tan ¢-++tan ==, tan tan 
—2hm— 2a") | 


a 


(1+tan*«) (1-+tan*s) (a2 


4 4 
a(R, +R,)—R,R, == ——.m?[1+tan « tan « tan 4] =%. 
c* 


Il. Solution by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


Let «=the angle of projection of one particle, and ’ the angle of the 
other; R,, the range of the former, and R., the range of the latter; and v, 
the velocity of the particles. The equations of the paths of the two particles 
are 

g 2 


gx 
— = 
y=atan 2v* cos* and y=atan / 2v* cos? 


V (c*—a*) 


and the equation of the inclined plane is y=xtan r=2. eres Now it is 


easily shown that 


g g 
Solving the equation of the plane with each of the equations of the paths of 
the particles, we easily find that 


ga(R,—a) 


2v? (c? 8) and cos*/= (4). 


2v* 1 


cos?4 = 


From (1), sin2« =o, or sin « cos «= ote. (5), and from (2), 
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sin eos (6). 


Squaring (5), and dividing by (3), we have . 


Vv (ce? —a*) 
=" (RB, =a) 


Squaring (6) and dividing the result by (4), we have, 


ont (ce? —a*) 


Equating the sum of (3) and (7), with the sum of (4) and (8), we have, 
after cancelling out common factors, 


Riy a(R,—a) _ Riv (c'—a*) , a(R,—a) | 


Whenee, +a*(R,—a) = (R,—a), or 
RY Ri 2 _@2)—q?2 


(c?—a*)=a? (R.—R,) (R,—a) (R, —a), 
[R.R,(R,—R,) —a(R?—R?)] (c?—a*) =a* (R. —R,) (R: —a) (Ri —a). 
(c? —a?)=a® (R, R, 
(a(R, + R.)—R,R, =a*/c’. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


Edited by Dr. 'G. E. Wahlin, University of Ilinois. 


178. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 


Find a formula which gives all the integral solutions prime to 5 of 
the congruence x*+y* =0 (mod 5*). 
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II. Solution by E. B. ESCOTT, Ann Arbor, Michigan. 


The solution of the congruence x? +y* =0(mod 5), is x= +2y(mod 5). 
. Let x=5a+2y, and substitute in x®-+y* =0 (mod 5°). 
We get «=+Ty (mod 5°), and proceeding in this way we get finally, 
*=+182y (mod 5*). 


Nore. A similar and more complete solution by the Proposer has already been published. Ep. W. 


180. Proposed by A. H. HOLMES, Brunswick, Maine. 
Find integral values of x and y such that 96¢—96y+21—0. 


II. Solution by B. KRAMER, E. M., Pittsburg, Pennsylvania. 


Let «<—y=z. Then 96z+21=—u*. From this it is easily seen that wu is 
odd, and uw? =5 (mod 8). 

But if we put w=2k+1, u*=4k(k+1)+1, which, since k or k+1 is 
even, says that w?=1 (mod 8). Hence no square can be congruent to 5 mod- 
ulo 8, and the relation is impossible. 


181. Proposed by V. M. SPUNAR, M. and E. E., Chicago, Ill. 


If 2n+1 is an odd prime p, (2n)!=(—1)"2!(n!)* (mod p?). 


Solution by S. LEFSCHETZ, Clark University. 
The given congruence can be written 


2n! = (—1)"2?"[2.4...2n]* (mod p’), or 
1.3.5... (2n—1) = p’) 
= (—1)"2*"(p—1) (p—8)... [p—(2n—1)] 
=2"[1.3...(2n—1) —p.1.2... 2n—1) (i+4-+...+ (mod 


If we adopt Bachmann’s notation [Niedere Zahlentheorie, Bd. 1, p. 161] 
and call 1/m the number m’ such that mm’=1 (mod p). We have to prove, 
as can be seen at once that: 


and this is proved by Bachmann (loc. cit., p. 164). 


182. Proposed by V. M. SPUNAR, M. and E. E., Chicago, Ill. 
Find two general solutions in integers of the equation «* =616318177y—1. 


No solution of this problem has been received. 


|_| 
Jen — 1 
=itst... (mod p), 
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183. Proposed by M. T. GOODRICH, Dixfield, Maine. 
Show what relation must exist between the quantities A, B, and C, 


in the haemnane ratio (A+B+C)(— 7 ae so that they will be real posi- 
tive integers. 


Solution by 8S. LEFSCHETZ, Clark University. 

This can be written AB=(A+B+C)C. Let 4 be the greatest com- 
mon divisor of A, B, C, and let A= B=? B’, and Substituting 
we have A’B’=C'(A'+ B'+C). 

Let now C’=>p.q, p being prime to B’, andqto A’. Since p divides 
A’B and is prime to B’, it divides A’. Let A’=>p, and similarly B’=r g. 
Since A’, B’, pq have no common divisors, gq must be prime to 2 and p to +. 
We have by substitution, p+uq+pq, or 2pq=(4—q) (“—p), and p be- 
ing prime to -—p, while it divides the right member, must necessarily divide 
4—q. Let A—q=hp, similarly, »—p=kgq. 

.hk=2. Hence, either h=1 and k=2, or k=1 and h=2. 

On account of the symmetry in notations it is sufficient to consider 
the case h=1, k=2. Then 4=p+q, 

A=? p(p+q), B=* q(p+2q), C=? pq, is the general solution, p and 
q being prime to each other. This can be verified easily by substitution. 
Also solved by the Proposer. 


AVERAGE AND PROBABILITY. 
202. Proposed by F. P. MATZ, Ph. D., Reading, Pa. 


If three chords are drawn at random in a circle, what is the chance 
the center of the circle is enclosed by the three chords, and what is the mean 
area of this enclosing triangle? : 


Solution by the late G. B. M. ZERR, Ph. D. 

Let AB, CD, EF be the chords intersecting in Q, P, and R, respect- 
ively. Let O be the center. Draw the perpendiculars OG, OH, OL to AB, 
CD, EF, respectively. Also draw OA, OB, OC, OD, OE, OF, OQ, OP, OR. 

Let ZAOG=9 ZCOH=¢, ZEOL=¢, ZHOG=p, ZHOL=+, 
ZPOQ=4, 2 OP=x, OQ-=y, OR=z, a=radius of circle. 
The limits of “=0 and 47; of ¢, 0 and 9; of ¢, 0 and ¢; of », 27—2¢—60-—@ 
=p’ and of and *=—¢—¢=2"; of », 27—2¢ 
—d—¢=w' and *—$—¢=w"; of 5, 0 and =; of 7, 0 and =; of x, 0 and a; of y, 
0 and a; of z, Oanda. Let A=average area, C=the required chance. 
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af” [aysin +yzsin y—azsin (+7) ]adx ydy zdz d? dy 
A= 


a a a 


ede ydy a3 dr 


(x+z)ay*?z dx dy dz = 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 
357. Proposed by V. M. SPUNAR, M. and E. E., Chicago, Illinois. 


Solve the system 
V (2? +b? +c?) (y* +b? +c?) +7 (2? +b? +c*), 
V +1 +a"), 
V (z2+a? +b? +c?) (2? +a? +b?) +1 (y? +a? 
358. Proposed by V. M. SPUNAR, M. and E. E., Chicago, Illinois. 


Show that 1)_ 


m (m—8)!- 
n(n+1)... (ntm—7)_ 9, if m>2n; and =1 if m=2n. 
(m—6)! 


359. Proposed by V. M. SPUNAR, M. and E. E., Chicago, Illinois. 
Show when 1/(1—2) (1—2*) (l—a*) (1—2”)... =(1+2) (1+2*) (1+2°) 
(1+2*)... 


n(n—1) 


GEOMETRY. 


390. Proposed by PROF. R. C. ARCHIBALD, Brown University, Providence, R. I. 
Find, geometrically and without introducing focal properties, the locus of the vertices 
of the conjugate parallelograms of an ellipse. 


391. Proposed by W. J. GREENSTREET, M. A., Editor, The Mathematical Gazette, Stroud, England. 
An ellipse is inscribed in the triangle of reference and has one focus at (secA, sec, 
secC). Find the other focus and the sum of the squares of the axes of the ellipse. 


392. Proposed by V. M. SPUNAR, M. and E. E., Chicago, Il. 
A tangent to a curve at any point P cuts the tangent and the normal at a fixed point 
O in the points M and N, and the rectangle OMP' N is completed. Find the curve which 
ie sach that the triangle formed by the tangents at any three points P, Q, Ris equal to the 
triangle formed by the corresponding points 7’, Q', R’. 
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| 
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CALCULUS. 


313. Proposed by M. E. GRABER, A. M., Heidelberg University, Tiffin, Ohio. 


Evaluate the definite integral (et 


314. Proposed by REV. J. H. MEYER, S. J., New Orleans, La. 

A fox started from a certain point and ran due east 300 yards, when it was over- 
taken by a hound that started from a point 100 yards due north of the fox’s starting point, 
and ran directly towards the fox throughout the race. Find the lengh of the curve de- 
scribed by hound, both having started at the same instant, with a uniform velocity. 

315. Proposed by C. N. SCHMALL, New York City. 


If y=f(a«), show by, that 
y x y 


AA; +a) 1+a'dx 2(i+a)* de® 2.3.(1+a)* 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


184. Proposed by E. B. ESCOTT, University of Michigan, Ann Arbor, Mich. 


Prove that = 1 1 


nat tan + tan + tan 30: + tan 112° +..., where 
2, 8, 30, 112..., isa recurring series with the recursion formula Un—4Un—1—Un 2. 


NOTES AND NEWS. 


Dr. R. D. Carmichael has been appointed to an assistant professorship 
in mathematics at the University of Indiana. S. 


The one hundred and fifty-third regular meeting of the American 
Mathematical Society was held at the University of Chicago, on Friday and 
Saturday, April 28 and 29, 1911. There were in attendance eighty-six mem- 
bers and thirty visitors. Among the members from a distance were Profes- 
sors Maxime Bocher and William F. Osgood of Harvard University; Profes- 
sor Percy F. Smith of Yale University; Professor F. N. Cole, Secretary of 
the Society, and Dr. N. J. Lennes of Columbia University; and Professor H. 
B. Fine, President of the Society, of Princeton University. The large at- 
tendance was due in part to the fact that this was the first meeting of the 
Society as a whole, aside from the summer meetings, held in the West since 
the sessions in St. Louis, at the time of the World’s Exposition; but more 
largely, doubtless, to the desire of the members to hear the retiring presi- 
dential address of Professor Bécher, who was greated by an audience 
of over one hundred members and visitors. At the dinner on Friday even- 
ing, seventy-six members were present and remained till a late hour in social 
intercourse. There were fifty-three papers presented at the four sessions. 8. 


} 
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At the Summer Session of the Ohio State University, Columbus, Ohio, 
June 19 to August 11, there will be courses in elementary algebra, plane and 
solid geometry, plane trigonometry, analytic geometry, differential and in- 
tegral calculus, and in the teaching and history of mathematics. 


At the University of Illinois the following courses in mathematics wil 
be given during the next Summer Session, the number of hours being credit} 
hours in each case: Advanced algebra, three hours; plane trigonometry, 
two hours; analytic geometry, five hours; differential calculus, five hours; 
— calculus, five hours; synoptic course, daily; theory of equations, 

aily. 


At the University of Wisconsin the following courses in mathematics 
will be offered during the next Summer Session, the hours referring to the 
number of recitations per week: Elementary algebra, five hours; solid ge 
ometry, five hours; plane trigonometry, five hours; analytic geometry, five 
hours; differential calculus, five. hours; complex numbers, three hours 
elementary analysis, twelve hours; integral calculus, twelve hours; differen- 
tial equations, five hours; projective geometry, three hours; differentis 
7. three hours; calculus of variations, five hours; theory of integrals, 

ve hours. S. 


At the University of Michigan, the following courses in mathematics 
will be offered during the next Summer Session, the hours referring to them! 
number of recitations per week: Elementary algebra, plane and solid 
geometry, each four hours; trigonometry, college algebra, and analytic 
geometry, each four hours; differential and integral calculus, each fo 
hours; introduction to mathematical theory of finance, insurance, and statis 
tics, four hours; courses for teachers in geometry and algebra, and history o 
mathematics; mechanics, differential equations, projective geometry, and 
theory of functions of a real variable, each four hours. Ss 


Miss Mary C. Spencer, of Sophie Newcomb College for Women 
at New Orleans, Louisiana, has been influential in organizing a Mathematic 
al Club among the secondary school teachers of the city. The club holds 
regular semi-monthly meetings for its members, and once a year holds an 
open meeting for the public school teachers. of New Orleans. Such a gath 
ering of several hundred teachers was recentlv addressed by Professor H. E. 
Slaught of the University of Chicago. F. 


The Summer Quarter at the University of Chicago will extend from 
June 19 to September 1, being divided into two terms, the second beginning 
July 27. The following courses in mathematics will be offered: Trigonom- 
etry, college algebra, plane analytic geometry, solid analytic geometry, dif- 
ferential calculus, integral calculus, elliptic integrals, finite collineation 
groups, calculus of variations, integral equations, general analysis, synthet- 
ic projective geometry, analytic mechanics, vector analysis, introduction to 
celestial mechanics, reading and research in pure and applied mathematics, 
teaching of elementary school mathematics, teaching of secondary-school 
mathematics, and critical review of secondary mathematics. All elemen 
tary courses are given five hours per week and advanced courses four hours 
per week. All courses count for regular college or graduate credit. 
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The author of the following article, Mr. Yoshio Mikami,’ has already 
quired an enviable reputation as a student in the history of mathematics 
bof Japan. Last year he published in the Abhandlungen zur Geschichte der 
fathematischen Wissenschaften a work entitled ‘“Mathematical Papers from 
e East.’”’ In this work he has included upwards of fifty articles showing 
lhe present interest of mathematicians in Japan, not merely in the history 
mathematics, but in analysis, theory of numbers, modern geometry, 
lheory of functions, and other topics of this nature. He is a student and 
iend of the learned historian of mathematics, Mr. Endo. He has not con- 
nected himself with any of the faculties of the Japanese universities, pre- 
erring to live the life of an independant savant. He has contributed ex- 
nsively to the Bibliotheca Mathematica and the Nieuw Archief voor Wis- 
unde and ranks with Professor Hayashi as one of the best known of the 
punger historians of mathematics in the East. Having myself become 
auch interested in the history of Oriental mathematics, and having made a 
ye collection of early printed works and manuscripts on this subject, it 
as a pleasure to me to have Doctor Paul Carus suggest that I collaborate 
ith Mr. Mikami in a history of Japanese mathematics. This I have done, 
nd it is expected that the work will appear during the coming year. Mr. 
ikami has made some valuable translations that set forth the nature of the 
ative mathematics in his country. He is an indefatigable worker, and the 
a is already much in his debt and will be much more so in the next few 
DAVID EUGENE SMITH. 


THE TEACHING OF MATHEMATICS IN JAPAN. 


By YOSHIO MIKAMI, Okara in Kazusa, Japan. 


For the last two or three centuries there flourished a peculiar style of 
nathematics in Japan, which we distinguish from the European mathemat- 
ts by the name Wasan or Japanese mathematics. It was first learned from 

hina, yet further developments were effected quite independent of the 
Mmuhinese.* But Japan saw a political change in 1868, which is well known 


* As to the history of Japanese mathematics, a work will shortly appear under the joint authorship of Dr. 
d Eugene Smith and Yoshio Mikami. 
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